Dynamic programming has been used to solve numerous complex problems in business and engineering. This study applies dynamic programming to a retail decision-making problem related to trade credit. A price, shelf-space, and time-dependent demand function is introduced to model the finite time horizon inventory. Trade credit was considered in the model because suppliers commonly provide retailers with credit periods. Consequently, the retailer is not required to pay for goods immediately upon receipt, and can instead earn interest on the retail price of the goods between the time the goods are sold and the end of the credit period. The objective of this paper is to determine the periodic retail price, shelf-space quantity, and ordering quantity that maximize total profit. The numerical examples explain the procedures of the solution approach and show that dynamic decision making is superior to fixed decision making regarding profit maximization.
Introduction
In operations research and management science, dynamic programming is a method used for solving complex problems by dividing them into simpler sub-problems. Because of changing and uncertain environments, dynamic decision making is becoming increasingly prevalent in practice. The benefits of dynamic decision-making techniques have long been considered in industries, such as airline, restaurant, hotel, fashion and high-tech product industries. For example, Boise Cascade Office Products sells numerous products online. Their prices on the 12,000 items that are ordered the most frequently online might change as often as daily.
Elmaghraby and Keskinocak [7] conducted a complete review of relevant literature and current practices in dynamic pricing. Xiao et al. [14] solved a semi-dynamic pricing and seat-inventory allocation problem by using the airline industry as an example. Tsao and Sheen [13] considered the dynamic pricing, promotion, and replenishment policies for a deteriorating item when payments were permissibly delayed. They assumed that demand is a linear function of price and time. Aziz et al. [1] proposed a hotel revenue-management model based on dynamic pricing for maximizing room revenue. Zhao et al. [16] studied a dynamic pricing problem by considering a monopolist firm selling perishable goods to consumers who may be influenced by inertia. Xu et al. [15] analyzed the dynamic pricing decision and compensation strategy of a firm that relies on a heterogeneous sales force to sell its product in two periods. IBM is investigating software that will enable it to adjust prices according to demand. Therefore, dynamic pricing is vital in businesses today. 
The mathematical model in this paper was developed based on the following assumptions. 1. A single item is considered over a known and finite planning horizon. 2. Replenishments occur instantaneously.
The basic demand rate
λt is an exponentially decreasing function of price that exponentially increases according to shelf space and decreases (increases) exponentially over time when λ < 0 (λ > 0). The demand function is a blend of the time-sensitive function proposed by Tsao and Sheen [13] and the price-and shelf-spacesensitive function provided in Chen et al. [5] . 4. The unit selling price of products sold during the credit period is deposited in an interestbearing account at rate Ie. At the end of this period, the credit is settled, and the retailer starts paying interest charges on items in stock at the rate Ic.
The variation of inventory level
, in which the joint effect of demand and deterioration is considered, can be described by the following differential equation:
which contains the boundary condition
The net profit over cycle j consists of the following elements:
(1) Sales revenue:
(2) Purchasing cost: 
(2.6)
Similarly, two interest-charged cases must be addressed and only one occurs in each cycle of the planning horizon.
No interest is charged in this case (i.e., IC 2 j = 0). Therefore, the net profit in cycle j using the two different cases can be expressed as follows:
Total profit in cycle j is
and the accumulated profit over period [0, j] is calculated by using
The total profit in cycle j, π j (p j , s j ), is a two-branch nonlinear function containing two variables. In the case of tc ≤ Z j − Z j−1 , for a given cycle over [Z j−1 , Z j ], the optimal retail price p j and shelf-space quantity s j in this cycle can be determined by differentiating Equation (2.8) according to p j and s j separately, and then setting these to zero. Similarly, in the case of tc > Z j − Z j−1 , for a given cycle over [Z j−1 , Z j ], the optimal p j and s j in this cycle can be determined by differentiating Equation (2.9) according to p j and s j , and setting these to zero. We used the Hessian matrix to verify that the total profit function throughout each cycle is jointly concave according to retail price p j and shelf-space quantity s j . This means that, separately, the second partial derivatives of Equations (2.8) and (2.9) respective to p j and s j are strictly negative, and
are positive. The purpose of using this proposed model was to investigate the effect of dynamic decision making on total profit. This paper presents two developed solution procedures based on dynamic and fixed decision making in next section.
SOLUTION PROCEDURE
Regarding a dynamic pricing and shelf-space policy, the retailer wishes to dynamically determine the optimal retail price, shelf-space quantity, and ordering quantity of each replenishment cycle. Equations ∂π
∂s j = 0 are used to determine p j and s j when the considered ordering cycle is larger than or equal to the credit period. The optimal p * j and s *
which is the best of the local optimal solutions found. Similarly, when the considered replenishment cycle is smaller than the credit period, we used the same procedure to obtain the optimal p * j and s * j (by using
. Therefore, for cycle j, the search procedure generates the optimal solutions of p * j and s * j . The accumulated net profit in cycle j is Π j = Π j−1 + π j (p * j , s * j ). The optimal retail price, shelf-space quantity, and sequence of replenishment time epochs can be determined by solving the dynamic programming models.
Given boundary conditions Π 0 = 0 and Z 0 = 0, the recursive procedure proceeds in a forward manner to determine the maximal total profit over the time horizon; Π Zn is determined at the last stage of the procedure (i.e., the maximal net profit of the planning horizon). The optimal sequence of the replenishment time epochs Z j−1 , j = 1, 2, . . . , n, and the associated optimal retail price p * j , shelf-space quantity s * j , and ordering quantity q * j can be determined. Regarding a fixed pricing and shelf-space policy, if the company adopts fixed-pricing and shelf-space decisions, then the firm determines the non-adjustable retail price and shelfspace quantity at the beginning of the planning horizon by maximizing the relative profit function over [0, H]
The optimal fixed retail price p * * and shelf-space quantity s * * can be determined by solving Equations (3.3) and (3.4) concurrently:
3) The dynamic programming model can be used to determine the optimal sequence of replenishment time epochs Z j−1 , j = 1, 2, . . . , n j )e −0.05t . In practice, the parameters α, β, γ, and λ can be determined by conducting regression analysis using historical transaction data. Historical transaction data in this paper refer to the sales (representing demands), price, and shelf-space allocation information collected by observing the product during a period. The observed data can then be modeled by conducting regression analysis for estimating sales and demands by using a given amount of allocated shelf space and the retail price. Because of the powerful information technologies (e.g., POS system, ERP system, data mart, and warehouse) currently used in businesses, collecting relevant transaction data is easy.
Regarding dynamic decision making, the computed results are shown in Table 1 (lefthand side). The number of replenishments in the case of dynamic pricing and shelf space is n = 3, and the associated replenishment time epochs Z j−1 , j = 1, 2, 3, optimal retail price p * j , shelf-space quantity s * j , ordering quantity q * j , and accumulated net profit Π j are all obtained. Figure 1 is a graphic representation of the concavity of π 1 in the dynamic decision-making case. The figure shows that the algorithm can be used to derive the optimal solution.
The number of replenishments in the case of fixed pricing and shelf space is n = 3, and the associated replenishment time epochs Z j−1 , j = 1, 2, 3, optimal retail price p * * , shelf-space quantity s * * , ordering quantity q * * j , and accumulated net profit Π j are shown in Table 1 (right-hand side). Figure 2 presents a graphic representation of the concavity of in a fixed decision-making case. A comparison of the results of the dynamic decisions and the fixed decisions shows that dynamic decision making is superior to fixed decision making. A 3.82% increase in total profit in the declining market demand case was predicted when fixed decision making was performed and dynamic pricing and shelf space were implemented.
We also compared the dynamic decision model with the following two models: (a) a model in which retail price is dynamic and shelf space is fixed, and (b) a model in which retail price is fixed and shelf space is dynamic. Table 2 shows that the total profit obtained using the dynamic-price and fixed-shelf-space policy was $10,212.26. Compared with the $10,036.73 obtained using the fixed price and shelf-space policy, a 2.03% increase in total profit was predicted in the declining market demand case when the dynamic-price and fixedshelf-space policy was implemented. Table 2 also shows that the total profit obtained using the dynamic-shelf-space and fixed-price policy was $10,258.58. A 1.58% increase of total profit was predicted in the declining market demand case when the dynamic-shelf-space and fixed-price policy was implemented. Several numerical analyses were conducted to gain management insight into the structures of the proposed policies. The results presented in Tables 3 to 5 are as follows: 1. When the inventory holding cost h increases, the optimal shelf-space quantity s * j , the optimal ordering quantity q * j , and the total network profit decline, but the optimal retail price p * j increases. When the inventory holding cost increases, the retailer reduces the ordering quantity and shelf space to reduce inventory costs. 2. When the credit period tc increases, the optimal shelf-space quantity s space maintenance cost decreases, the retailer increases the shelf-space quantity to meet demand, and the ordering quantity also increases.
For increasing market demand, we set D(p j , s j , t) = (1000p −1.5 j s 0.5 j )e 0.05t . The numerical results for dynamic decision-making and fixed decision-making are summarized in Table 6 . It also shows that dynamic decision-making is superior to fixed decision-making. It predicts a 1.42% increase in total profit in the increasing market demand case if the dynamic pricing and shelf-space is implemented.
CONCLUSION
We developed a finite time horizon inventory model used for considering price, shelf-space, and time-dependent market demand under trade credit. Decisions regarding retail price, shelf space, and ordering quantity are arbitrarily adjusted upward or downward to respond to changes in market demand throughout the planning horizon. The objective of this study was to determine the periodic retail price, shelf-space quantity, and ordering quantity that maximize total profit. The demand function considered in this paper is an exponentially decreasing function of price that exponentially increases according to shelf space, and varies 
